We theoretically study laser driven nonequilibrium states in the Kitaev honeycomb model with a magnetoelectric cross coupling. We show that a topological spin liquid with a gapless chiral edge mode emerges when we apply an elliptically or circularly polarized laser. This is a strongly correlated quantum spin version of the Floquet topological insulator. In the topological phase, the edge mode is made from Majorana fermions and the bulk has gapped non-Abelian anyon excitations.
Introduction − Ultrafast manipulation of quantum systems by laser is becoming a hot topic in condensed matter [1] [2] [3] [4] [5] [6] . A recent progress is its marriage with the idea of topology [7] [8] [9] [10] [11] [12] [13] . A topological many-body state is characterized by a bulk quantum number, and the hallmark is the existence of an edge state at its interface between a trivial state. Quantum systems driven by time periodic external fields, such as laser, is described by "photo-dressed" Floquet states, and its properties can be different from the original equilibrium system [5, [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] .
In a theoretical prediction [14] , it was shown that if a circularly polarized laser (CPL) is applied to twodimensional Dirac systems, a gap opens at the Dirac point, and the system becomes a topological Hall state. This gap opening was recently observed by time resolved APRES [5] . Taking the high frequency limit, it was shown [15] that the effective static model of the honeycomb lattice in CPL is equivalent to the Haldane honeycomb model for a quantum Hall effect without Landau levels [11] . Chiral edge states induced by CPL were also experimentally observed in graphene [3, 4, 28] as well as in a photonic cousin [21] .
In this paper, we propose a quantum spin version of the Floquet topological insulator in systems described by the Kitaev honeycomb lattice model [7] . The story is parallel to the electron case [14, 15] Recent studies show that it may be realized as an effective low-energy model for a Mott insulator with strong spin-orbit coupling [30, 31] . In the Kitaev honeycomb lattice model, it was shown that a spin-liquid (disordered) ground state is realized and fermionic excitations described by a single Dirac cone take place. If a gap opens at the Dirac point due to some perturbation, the Kitaev model has non-Abelian anyons with an Ising type braiding rule. Anyons and their manipulation have attracted much attention in the field of quantum computation [10] . Kitaev's original proposal for anyons was to apply a static magnetic field [7] . The Zeeman coupling generates a term that opens a gap at the thirdorder perturbation level. In this work, we show that it is possible to open a gap at the Dirac point using CPL, or more generally, elliptically polarized laser (EPL) when a magnetoelectric (ME) coupling is taken into account. The virtue of this proposal is twofolds. (i) The gap is dynamical, e.g., it can be switched on and off as the laser is turned on and off, which may lead to possible quantum coherent manipulation. (ii) The gap opening term appears at the lowest order. This is in contrast to the case of static magnetic fields, where a gap appears at the third order and other perturbation terms may lead to unwanted effects. We will show that the integrability of the system with the laser-induced lowest-order term is maintained. From the theoretical viewpoint, this nature is important to analytically understand the laser-driven physics.
The laser-driven gapped state is a spin-liquid version of the "Floquet topological insulator" [14] [15] [16] [17] . In the state, a chiral edge mode of Majorana fermions [8] appears as indicated in Fig. 1(a) . The direction of this mode can be switched by altering the helicity of the laser. It is also possible to make islands of topological spin-liquid states using a spatial modulation technique [6, 20] Model − We focus on the Kitaev model with a ME coupling in EPL (see Fig. 1 ). We assume that the ME coupling originates from electric or phonon-assisted polarization on each bond and its strength is proportional to the exchange interaction of the bond. Then, a quantum spin system responds to an external electric field through the polarization tensor. This effect is known as magneto striction and has been confirmed in various multiferroic materials [32] [33] [34] [35] [36] . Our total Hamiltonian is given bŷ
The first term is the Kitaev Hamiltonian
This model is defined on a honeycomb lattice as displayed in Fig are Pauli matrices and we set = 1), r,r ′ α stands for the summation over all neighboring spin pairs on α bonds (see Fig. 2 ), and J α is the Ising coupling constant of the α bond. In order to describe the ME coupling, we introduce the electric polarization P (r,r ′ )α on each α bond (r, r ′ ) α proportional to the Ising interaction
where π α is the ME-coupling vector. Using the total polarization
the ME term becomeŝ
We assume that the electric field vector E of the EPL is in the x-y plane (= plane of the honeycomb lattice) and given by
where t is time, Ω is the laser frequency, E is the magnitude of field and the signs ∓ denote clockwise/anticlockwise rotating laser. The phase δ (|δ| ≤ π/2) controls the ellipticity; δ = 0 and π/2 correspond to circularly and linearly polarized laser, respectively. We note that laser has a magnetic field component that couples to spin systems via Zeeman interaction. However, we can ignore this because the magnetic fields are much weaker than the electric fields in electromagnetic waves. Floquet theory and 1/Ω expansion − The Hamiltonian of Eq. (1) is temporally periodic:Ĥ(t + T ) =Ĥ(t) with T = 2π/Ω. The Floquet theorem, i.e., temporal version of the Bloch theorem, states that the timedependent Schrödinger equation i∂ t |Ψ(t) =Ĥ(t)|Ψ(t) can be mapped to an effective static eigenvalue problem n (Ĥ m−n − mΩδ m,n )|Φ n = ǫ|Φ m , which can be proved by Fourier transform
The time periodic Floquet state |Φ(t) (= |Φ(t + T ) ) is related to the solution of the time-dependent Schrödinger equation via |Ψ(t) = e −iǫt |Φ(t) (ǫ is called the Floquet quasi-energy). In the present case, we haveĤ 0 =Ĥ Kitaev 
TermsĤ ±p with p ≥ 2 are zero. We consider the case where Ω is much larger than the energy scale ofĤ Kitaev (i.e., |J x,y,z |). Since the typical energy of spin couplings is in the THz regime (1THz∼4meV), this implies that THz or mid-infrared lasers are suitable. Then, each m-photon subspace are energetically isolated from other subspaces and the offdiagonal termsĤ ±1 can be treated perturbatively. The effective Hamiltonian acting on the 0-photon subspace is given by [15] Ĥ
up to O(Ω −1 ). Utilizing Eq. (3), we can show that the first order termĤ Ω = −[Ĥ +1 ,Ĥ −1 ]/Ω results in the following three-spin interactions: Here, G αβ =ẑ · (π α × π β ) [ẑ = (0, 0, 1) and symbol × denotes outer product], r∈A(B) summation over sublattice A (B), and the signs ∓ corresponds to clockwise/anticlockwise rotating laser respectively. Vectors r 1,2,3 are sites around r as depicted in Fig. 3 . Note thatĤ Ω is non-zero unless the laser is linearly polarized (δ = π/2) or all π x,y,z are parallel with each other. This laser-induced three-spin interaction (7) is the main result of this paper and we will discuss its physical outcomes in the following.
Fermionization and Floquet topological state − Here, we study the low-energy effective model (6) by fermionization [7, 29] . Jordan-Wigner transformation maps spin- 
Here σ ± r = σ x r ± iσ y r and r ′ <r σ z r ′ is a non-local product whose path is defined in Fig. 2 
where a r (b r ) is a fermion c r on sublattice A (B). We choose ξ (10) where r = n 1 u 1 + n 2 u 2 (n 1,2 : integer), r runs over the unit cells. The χ fermion appears in the Hamiltonian through a locally conserved operatorÎ r = iχ a r χ b r with an eigenvalue ±1. In the ground state ofĤ Kitaev , it is known [7, 29, 38] that we can set allÎ r to be unity (or −1) and vortex-type excitations defined by sign flips of I r are gapped (i.e., fermions χ a,b are gapped). We will setÎ r = 1 hereafter.
The laser-induced three-spin interaction (7) can be fermionized as well and results in
The Kitaev Hamiltonian (10) represents nearest neighbor hopping, whileĤ Ω describes an imaginary NNN hopping as displayed in Fig. 3 (c) [39] . To see the spectral nature in theÎ r = 1 sector, we move to the momentum k space using Fourier transforms ξ
stands for summation over half the Brillouin zone (BZ) and N is the total number of unit cells. We can choose either hexagonal or rhombus form as the BZ shown in Fig. 3(d) . Fermions in the k space are of complex type, and satisfy {ξ
Here τ x,y,z are Pauli matrices, h
. We stress that EPL gives a non-zero z-component h z k . The Hamiltonian (12) can be diagonalized leading to dispersions
We plot the energy spectrum for the zero field case (E = 0) at J x = J y = J z in Fig. 4(a) . We see gapless Dirac cones appearing at the six corners K a,··· ,f of BZ1. However, since we defined two complex fermions in momentum space from two real ones ξ a,b r , there is a redundancy and we should restrict ourselves to half the BZ [e.g., the right triangular area of BZ2 in Fig. 3(d) ]. Thus, only gapless excitations around a single Dirac point (e.g., K a ) describes the low-energy physics of the Kitaev model. The gapless Dirac cone exists if the condition |J α | ≤ |J β | + |J γ | [7] is satisfied (α, β and γ are all different). The ground-state phase diagram of the Kitaev model is summarized as in Fig. 3(e) . In the gapped phase, vortex excitations of χ a,b are regarded as Abelian anyons [7] .
Next, we move to the finite field case E = 0. We show thatĤ Ω plays the role similar to the NNN hopping in the Haldane honeycomb model [11] . The energy dispersion is plotted in Fig. 4(b) . The laser-induced NNN hopping opens a finite gap at the Dirac point in the gapless phase. Let us investigate the topological nature of the laser-driven gapped state. To this end, we first focus on the low-energy physics around the Dirac point K a . The Hamiltonian matrix near k a = (2π/3, 2π/ √ 3) is given by (J x,y,z = J)
up to linear order in δk = k − k a . The mass parameter is m = ±2 √ 3E 2 Ω −1 cos δ(G 12 + G 23 + G 31 ) and its sign ± corresponds to clockwise/anticlockwise rotation of laser. This is nothing but a Hamiltonian for a (2 + 1)-dimensional Dirac fermion with a gap 2m. The mass m is generally non-zero except for δ = π/2 or G 12 + G 23 + G 31 = 0. It is known that a massive Dirac fermion exhibits an anomalous quantized "Hall" effect without Landau levels [11] . Therefore, Eq. (14) indicates that a gapless chiral edge mode of Majorana fermions is induced by EPL and its direction can be changed by inverting the helicity of the laser. We stress that the present edge mode is chargeless in contrast to the case of integer quantum Hall effects (IQHE). In Figs. 4 (c) and (d), we explicitly show the energy levels of the Kitaev model in EPL defined on a cylinder geometry with an armchair edge along the y direction. When the field is turned on, we see the gap opening as well as a formation of the edge mode. We confirmed that the edge mode is stable against small change of J x,y,z and E. This edge mode is a Majorana type. This can be confirmed by mappingĤ eff to a Bogoliubov-deGennes (BdG) Hamiltonian for topological superconductor through new fermions d r = (ξ a r + iξ b r )/2 [29] . The dispersion of the BdG Hamiltonian on a cylinder geometry has a gapless edge mode, which clearly shows the presence of a Majorana edge mode [8] . It is known [7] that the laser-induced topological phase has gapped nonAbelian anyon excitations originating from fermions χ a,b . The phase diagram of the effective Hamiltonian (6) is summarized in Fig. 5 . Phase II corresponds to the laserdriven gapped phase with a gapless Majorana edge mode. It is possible to generate islands of the topological spin liquid state by applying spot laser as shown in Fig. 1(b) . Their position can be changed by slowly moving the spot positions. On the line J z = 2J, a nonequilibrium phase transition occurs in which two Dirac points K a,f merge at k ′ = (0, 2π/ √ 3). Finally, we shortly discuss the detection scheme for the gapless chiral edge mode. As in other topological states, the edge state can be observed through transport measurements. Thermal transport is appropriate since the present edge mode is chargeless. At sufficiently low temperatures T , the thermal conductance along an edge is [7, 40, 41] G th = πk 2 B
12
T.
We emphasize that G th is half compared to IQHE because the edge mode is formed by Majorana fermions. Conclusions − We have studied laser-induced nonequilibrium states of the Kitaev model making use of the Floquet theory. When EPL is applied, we showed that a topological spin-liquid state with a gapless Majorana edge mode is generated if the effect of magneto-striction ME coupling is considered. The laser-induced gap and 
